

















Appendix: Mathematica Code

MyTimeConstraint = 10000;

(*Code for evaluating cyclic tag systems, from the notes of A New Kind of Science. (A cyclic tag system is represented as a list of
strings to be added (themselves represented as lists), followed by the initial value of the working string, bundled together in a list.)*)

CTStep[{{r_,s__}{0,a__H]:={{s, 1}, {a}}
CTStep[{{r_,s__},{1,a___}}]:={s, r}, Join[{a}, r]}

CTStep[{u_, {1 := {u, {3}

CTEvolveList[rules_, init_, t_] := Last /@ NestList[CTStep, {rules, init}, t]
ConcatBits[list_] := StringJoin[(ToString[#1] &) /@ list]

(*Output to match that of the Perl cyclic-tag program.*)

CTCompressfhist_] :=
ConcatBits[(#1[[1]] &) /@ Select[hist, MatchQ[#1, {__}] &]]

CTCompressY(hist_] :=
ConcatBits[
Flatten[(#1 /.x_-> {x, x} &) /@ (#1[[1]] &) /@
Select[hist, MatchQ[#1, {__}] &]]]

(*Converting a cyclic-tag system to system 5. This is quite simple, but long, because the constraints of what values the integers
corresponding to various parts of the cyclic tag system can take as compared to other integers generated have to be enforced,; this
is done using i, which is stored as a parameter to start with and later using iknown[] and iPlaceholder(], and holds the lowest legal
value a newly-added integer can take. (A system 5 initial condition is represented as a list containing the bag followed by each rule in
order; the bag and rules themselves are represented as lists.)*)

CTToSystem5[rules_, init_, steps_] :=
CTToSystem5Main[CTInitToSystem5Init[{}, init, 1], rules, steps]

CTInitToSystem5lInit[sofar_, {0, reminit___},i_] :=
CTInitToSystem5lInit[Flatten[{sofar, i, i + 1, i + 2, i + 3}], {reminit},
i +4]

CTInitToSystem5lInit[sofar_, {1, reminit___},i_] :=
CTInitToSystem5lInit[Flatten[{sofar, i, i + 2, i + 3, i + b}], {reminit},
i +6]

CTToSystem5Main[CTInitToSystem5Init[sofar_, {}, i_], rules_, steps_] :=
Flatten[{{sofar}, CTRulesToSystem5Rules][{}, rules, steps, iKnown[i + 2]]}, 1]

CTRulesToSystem5Rules[sofar_, _, 0, iknown[_Integer]] := sofar

CTRulesToSystem5Rules[sofar_, {firstrule_, otherrules___}, steps_,
iKnown[i_Integer]] :=

CTRulesToSystem5Rules|
Flatten[{sofar, CTRuleToSystem5Rule[{}, firstrule, i]}, 1], {otherrules,
firstrule}, steps - 1, iPlaceholder[]]

CTRulesToSystem5Rules[{sofar___, iPlaceholder[i_]}, rules_, steps_,
iPlaceholder[]] := CTRulesToSystem5Rules[{sofar}, rules, steps, iKnown[i]]

CTRuleToSystem5Rule[sofar_, {0, remrule___},i_]:=
CTRuleToSystem5Rule[Flatten[{sofar, i, i + 1}], {remrule}, i + 4]

CTRuleToSystem5Rule[sofar_, {1, remrule___},i_] :=
CTRuleToSystem5Rule[Flatten[{sofar, i, i + 3}], {remrule}, i + 6]

CTRuleToSystem5Rule[sofar_, {}, i_] := {(#1 + 2 &) /@ sofar, sofar, {}, {}, iPlaceholder[i]}
(*Emulating system 5 is a lot easier than constructing a system 5 program:*)

RemoveEvenDuplicates[l_List] :=

First /@ Select[Tally[l], MatchQ[#1, {_, _?0ddQ}] &]

SystembStep(initial_List] :=



Join[{Sort[(#1 -1 &) /@
RemoveEvenDuplicates[initial[[1]]1]]}, ((#1 + 1 &) /@ (#1 &)) /@
Droplinitial, 177 /.0, x__},fy__ %,z }->{x vy} 2

(*MemoryEfficientCompress[step_,compress_,init_,steps_] and MemoryEfficientCompressNoJoin[step_,compress_,init_,steps_]
are both capable of being equivalent to compress[NestList[step,init,steps]] in some cases used below (which, if either, is correct
depends on the details of the compress function used, and sometimes neither can be used). They both also show
Progresslindicators when doing long computations.*)

MemoryEfficientCompress[step_, compress_, init_, steps_] :=
Monitor[{sc = 0,
StringJoin[
Reap[Nest[{step[#1], Sow[compress[{#1}]], sc = sc + 1}[[1]] &, init,
steps]][[2111}{[2]], {Progressindicator[sc, {1, steps}], sc}]

SowlfNotNull[f}] := 0
SowlfNotNull[{l__}] := Sow[{l}]

MemoryEfficientCompressNoJoin[step_, compress_, init_,
steps_] :={sc =0,
Monitor[Flatten|
Reap[Nest[{step[#1], sc = sc + 1, SowlfNotNull[compress[{#1}]]}[[1]] &,
init, steps]][[2]], 2], {Progressindicator[sc, {1, steps}], sc}}[[2]]

(*Matching the output of the Perl cyclic-tag program.™)

System5CompressChist_List] :=
ConcatBits[
Flatten[(If[MatchQ[#1, {{1, __}, _}],10, O}, {1, 1}] &) /@ hist]]

SystembdCompressY/[hist_List] :=
ConcatBits[(#1[[2]] &) /@
Partition[(1/2 (Length[#1] - 1) &) /@
Split[Flatten[(If[MatchQ[#1, {{1, __}, _}],{0, 1}, {1, 1}] &) /@ hist]], 4]]

(*Compiling system 5 to system 4. (A system 4 initial condition is represented as a list; each element of that list is either another list
(a setin system 4), S (a star) or ActiveState[A], ActiveState[B], or ActiveState[C] (which indicate that the next element is active in
that state).)*)

System5ToSystemd4[initial_List, f_Integer] :=
Flatten[{ActiveState[
A], {{{{tRemoveEvenDuplicates[(2 #1 - 2 &) /@ initial[[1]]]}}},
{Table[{S, {}}, (B}, ({S, {{RemoveEvenDuplicates[Join[Range[0, f 3], (2 #1 + f + 3 &) /@ #1]]}},
Table[{S, {}}, {2 f}], S, {{RemoveEvenDuplicates|[Range[0, 3 f]]}},
Table[{S, {1}, {2 f - 2}]} &) /@ Drop[initial, 1]}, 4]

(*Emulating system 4. System 4 has several rules that don't follow an obvious pattern; each of these rules is therefore given a
separate definition below (or sometimes more than one definition).*)

ContainsAQ[l_List] := MatchQ[l,{__, 0, __}]
ListDecrement[l_List] := (#1 - 1 &) /@ Select[l, #1 > 0 &]
(*Rule 1)

System4Step({before___, elem_, ActiveState[A], {list___},
after___}] := {before, ActiveState[A], elem, {list}, after}

System4Step[{ActiveState[A], {list___}, after___}] := {ActiveState[B], {list},
after}

(*Rule 27)

System4Step[{before___, ActiveState[A], S, after___}] := {before,
ActiveState[B], after}

(*Rule 3%)

System4Step[{before___, ActiveState[B], {list___}, after___}] :=

If[ContainsAQ[{list}], {before, ListDecrement[{list}], ActiveState[C],
after}, {before, ListDecrement][{list}], ActiveState[B], after}]

System4Step[{before___, ActiveState[C], {list___}, after___}] :=
If[ContainsAQ[{list}], {before, ListDecrement([{list}], ActiveState[B],



after}, {before, ListDecrement][{list}], ActiveState[C], after}]
(*Rule 4%)

System4Step({before___, elem_, ActiveState[B], S, after___}] := {before,
ActiveState[A], elem, after}

(*Rule 5*)

System4Step({before___, ActiveState[C], S, {list___}, after___}] := {before,
S, ActiveState[C], RemoveEvenDuplicates[Join[{list}, {1}]], after}

(*The length of useful system 4 programs means that far too much output (either to read or to fit into memory) is produced when
trying to run a useful system 4 program using NestList. Here are the definitions used to reproduce or approximate the M, R, C, and
Y output formats of the Perl program. (Most of the compression functions take a history from NestList as their argument, although
the Y format takes the C format's output as its argument; as this would be too large to fit into my computer's memory,
MemoryEfficientCompressList or the NoJoin version have to be used in practice when compressing the output of a large system 4
program.)™)

ListAsRangesHelper[c_, i_] :=If[c>0,i- 2, If[c<0,i-1,"]]

ListAsRangesHelper2[{x_, y_}] :=
If[x I='y, ToString[x] <> "-" <> ToString[y], ToString[x]]

ListAsRanges|l_List] :=
StringJoin[
Riffle[ListAsRangesHelper2 /@
Partition[
Select[Table[
ListAsRangesHelper[
ListConvolve[{-1, 1}, (If[MatchQ[l, {___, #1, __1}],1,0] &) /@
Range[-1, Max[1] + 1]1[[i]], i], {i, Max[I] + 2}], !
MatchQ[#1, "] &], 2], *,"]] /; MatchQ[l, {_}]

ListAsRanges[{}] :="

System4Combine[{before___, {list1___}, {list2___}, after__}] :=
System4Combine[{before, RemoveEvenDuplicates[Join[{list1}, {list2}]], after}]

System4Combine[l_List] := 1/; ! MatchQ[l, {__,{__ }L{_ 3}, }]

System4CombineMore[{before___, S, {}, S, {}, after___}] :=
System4CombineMore[{before, RunLength[{S, {}}, 2], after}]

System4CombineMore[{before___, S, {0}, S, {0}, after___}] :=
System4CombineMore[{before, RunLength[{S, {0}}, 2], after}]

System4CombineMore[{before___, S, x_, RunLength[{S, x_}, c_], after___}] :=
System4CombineMore[{before, RunLength[{S, x}, ¢ + 1], after}]

System4CombineMore[{before___, RunLength[{S, x_}, ¢_], S, x_, after___}] :=
System4CombineMore[{before, RunLength[{S, x}, ¢ + 1], after}]

System4CombineMore[{before___, RunLength[x_, ¢1_], RunLength[x_, c2_],
after___}] := System4CombineMore[{before, RunLength[x, ¢1 + c2], after}]

System4CombineMore[l_List] :=

[/, MatchQ[ I, {___, S, #,S, & }[{_,S{0,S {0}, _}|{_S x,
RunLength[{S, x_}, _], ___}|{___, RunLength[{S, x_}, _], S,
X_, ___}+|{__, RunLength{x_, _], RunLength[x_, _], __ }]

System4CompressMHelper[S] :="_"

System4CompressMHelper[{l___}] := ListAsRanges[{l}]
System4CompressMHelper[ActiveState[s_]] := ToString[s]
System4CompressMHelper[RunLength[(S, {}}, c_]] := "(_x" <> ToString[c] <> ")"

System4CompressMHelper[RunLength[{S, {0}}, c_]] :=
"(_Ox" <> ToString[c] <> ")"

System4CompressM[
hist_] := (StringJoin[System4CompressMHelper /@ System4Combine[#1]] &) /@
Select[hist, MatchQ[#1, {___, ActiveState[_], S, ___}] &]



System4CompressR|
hist_] := (StringJoin[
System4CompressMHelper /@ System4CombineMore[System4Combine[#1]]] &) /@
Select[hist, MatchQ[#1, {___, ActiveState[_], S, __}] &]

System4CompressClhist_] :=
ConcatBits[(System4Combine[#1] /.{{_?Positive ...} ..,
ActiveState[B], ___}->1/{___, ActiveState[C], ___} ->
0/{_}->"&) /@ Select[hist, MatchQ[#1, {{___} .., ActiveState[B | C], S, ___}] &]]

System4CompressY[compressC_] :=
StringJoin[(StringLength[#1]/2 &) /@ StringSplit[compressC, "00"]]

(*The cellular automaton that simplifies the construction of a system 3 initial condition from a system 4 initial condition, written
here as a recursive function using ListConvolve.*)

System3Set[0, length_] := Join[{2}, Table[1, {length - 1}]]
System3Set[row_?Positive, length_] := (Mod[#1, 2] + 1 &) /@ ListConvolve[{1, 1}, Join[{1}, System3Set[row - 1, length]]]
(*Converting system 4 to systems 3, 2, and 0. (The system 1 program corresponding to a system 4 program is the same as the
system 0 program corresponding to that system 4 program.) The system 3, 2, 1, and 0 initial conditions are written as lists, with
ActiveState[A] (or B or C) immediately before the active element. This is implemented by marking all the elements in the system 4
program as LeftOfActive or RightOfActive, translating all the system 4 sets into lists of system 3 elements and all the system 4 stars
into placeholders including ReplaceLeft or ReplaceRight (indicating that the neighbouring element should be replaced by a 0, or
possibly by an active 0), doing those replacements, and then converting the resulting system 3 program into a system 2 or system 0
form if desired.™)
System4ToSystem3Helper[{before___, ActiveState[s_], elem_, after___}] :=
Flatten[{(LeftOfActive[#1] &) /@ {before},

ActiveState[s, elem], (RightOfActive[#1] &) /@ {after}}]
StartsAndEndsWith2[{2, |___, 2})] :=1{2,1, 2}
StartsAndEndsWith2[{1, |___}] := StartsAndEndsWith2[(3 - #1 &) /@ {1, I}]

StartsAndEndsWith2[{2, 1___, 1}] :=
StartsAndEndsWith2[ Flatten[(#1 /.{a_, b_} -> {a, 3 - b} &) /@ Partition[{2, |, 1}, 2]1]

System4ElemToSystem3[(LeftOfActive | RightOfActive)[{set___ ] )=
StartsAndEndsWith2[(Mod[Total[(#1 - 1 &) /@ #1], 2] + 1 &) /@
Transpose[Join[{Table[1, {2"w}]}, (System3Set[#1, 2" w] &) /@ {set}]]]
System4ElemToSystem3[LeftOfActive[S], _] := ReplaceLeft[0]
System4ElemToSystem3[RightOfActive[S], _] := ReplaceRight[0]
System4ElemToSystem3[ActiveState[s_, {set___}], w_] := {ActiveState[s], System4ElemToSystem3[LeftOfActive[{set}], w]}
System4ElemToSystem3[ActiveState[A, S], _] := ReplaceLeft[{ActiveState[A], 0}]
System4ElemToSystem3[ActiveState[B, S], _] := {ActiveState[B], ReplaceRight[0]}
System4ElemToSystem3[ActiveState[C, S], _] := {ReplaceLeft[0], ActiveState[A], ReplaceRight[0]}

DoSystem4Replacements[{before___, elem_, ReplaceLeft[i_], after___}] :=
DoSystem4Replacements[{before, i, after}]

DoSystem4Replacements[{before___, ReplaceRight[i_], elem_, after__ }] :=
DoSystem4Replacements[{before, i, after}]

DoSystem4Replacements|l_List] :=
[/; ! MatchQ[ I, {___, _, ReplaceLeft[ ], }|{___, ReplaceRight[_], _, __ }]
System4ToSystem3[init_, w_] :=
Flatten[DoSystem4Replacements|
Flatten[{Table[0, {2"w}], 2, 2, 1, (System4ElemToSystem3[#1, w] &) /@ System4ToSystem3Helper[init]}]]]

System3ToSystem2[{before___, ActiveState[A], elem_, after___}] :=
Flatten[{(Mod[3 - #1, 3] &) /@ {before}, ActiveState[A], Mod[3 - elem, 3], after}]

System3ToSystem2[{before___, ActiveState[B], after___}] =
Flatten[{(Mod[3 - #1, 3] &) /@ {before}, ActiveState[B], after}]



System2ToSystemO[{before___, ActiveState[C], 2, after___}] := {before, ActiveState[B], 1, after}

System2ToSystemO[{before___, ActiveState[C], 1, after___}] := {before, ActiveState[B], 2, after}

System2ToSystemO[{before___, ActiveState[C], O, after___}] := {before, ActiveState[B], 0, after}

System2ToSystemO[{before___, ActiveState[B], after___}] := {before, ActiveState[B], after}

System2ToSystemO[{before___, ActiveState[A], after___}] := {before, ActiveState[A], after}

System4ToSystem2[I_, w_] := System3ToSystem2[System4ToSystem3|l, w]]
System4ToSystemO[l_, w_] := System2ToSystem0[System4ToSystem2]l, w]]

(*Executing a system 3, 2, 1, or 0 program. A general SystemStep is used, which is given a function as input that specifies how to

change the active cell and the cells before and after.™)

SystemStep[rules_, {before___, elem1_, ActiveState[s_], elem2_, elem3_, after___}]:

Flatten[{before, rules[elem1, s, elem2, elem3], after}]
SystemORules[a_, A, 0, b_] :={a, 1, ActiveState[B], b}
SystemORules[a_, B, 0, b_] := {ActiveState[A], a, 2, b}
SystemORules[a_, A, 1, b_] := {ActiveState[A], a, 2, b}
SystemORules[a_, B, 1, b_] := {a, 2, ActiveState[B], b}
SystemORules[a_, A, 2, b_] := {ActiveState[A], a, 1, b}
SystemORules[a_, B, 2, b_] :={a, 0, ActiveState[A], b}
System1Rules[a_, A, 0, b_] :={a, 1, ActiveState[B], b}
System1Rules[a_, B, 0, b_] := {ActiveState[A], a, 2, b}
System1Rules[a_, A, 1, b_] := {ActiveState[A], a, 2, b}
System1Rules[a_, B, 1, b_] := {a, 2, ActiveState[B], b}
System1Rules[a_, A, 2, b_] := {ActiveState[A], a, 1, b}
System1Rules[a_, B, 2, 0] := {a, 0, ActiveState[A], 0}
System1Rules[a_, B, 2, 1] :={a, 1, ActiveState[B], 2}
System1Rules[a_, B, 2, 2] :={a, 1, ActiveState[B], 1}
System2Rules[a_, A, 0, b_] :={a, 1, ActiveState[B], b}
System2Rules[a_, B, 0, b_] := {ActiveState[A], a, 2, b}
System2Rules[a_, C, 0, b_] := {ActiveState[A], a, 2, b}
System2Rules[a_, A, 1, b_] := {ActiveState[A], a, 2, b}
System2Rules[a_, B, 1, b_] := {a, 2, ActiveState[B], b}
System2Rules[a_, C, 1, 0] := {a, 0, ActiveState[A], 0}
System2Rules[a_, C, 1, 1] :={a, 1, ActiveState[C], 1}
System2Rules[a_, C, 1, 2] := {a, 1, ActiveState[C], 2}
System2Rules[a_, A, 2, b_] := {ActiveState[A], a, 1, b}
System2Rules[a_, B, 2, 0] := {a, 0, ActiveState[A], 0}
System2Rules[a_, B, 2, 1] := {a, 1, ActiveState[C], 1}
System2Rules[a_, B, 2, 2] :={a, 1, ActiveState[C], 2}
System2Rules[a_, C, 2, b_] :={a, 2, ActiveState[B], b}
System3Rules[a_, A, 0, b_] :={a, 2, ActiveState[B], b}



System3Rules[a_, B, 0, b_] := {ActiveState[A], a, 2, b}

System3Rules[a_, C, 0, b_] := {ActiveState[A], a, 2, b}

System3Rules[a_, A, 1, b_] := {ActiveState[A], a, 1, b}

System3Rules[a_, B, 1, b_] :={a, 1, ActiveState[B], b}

System3Rules[a_, C, 1, 0] := {a, 0, ActiveState[A], 0}

System3Rules[a_, C, 1, 1] := {a, 2, ActiveState[C], 1}

System3Rules[a_, C, 1, 2] := {a, 2, ActiveState[C], 2}

System3Rules[a_, A, 2, b_] := {ActiveState[A], a, 2, b}

System3Rules[a_, B, 2, 0] := {a, 0, ActiveState[A], 0}

System3Rules[a_, B, 2, 1] := {a, 2, ActiveState[C], 1}

System3Rules[a_, B, 2, 2] := {a, 2, ActiveState[C], 2}

System3Rules[a_, C, 2, b_] :={a, 1, ActiveState[B], b}

(*Emulating or approximating the output formats of the Perl programs. (The active state is shown before the active element, rather
than on the next line; the P output format is somewhat different but still gives much the same visual appearance, due to the
embedding of literal newlines in the output list.)*)

System0To3CompressN[_, hist_] := (ConcatBits[Select[#1, IntegerQ]] &) /@ hist

SelectRelevantZeros[_?Positive, hist_] :=
Select[hist, MatchQ[#1, {___, ActiveState[_], 0, ___}] &]

SelectRelevantZeros[0, hist_] := (#1[[3]] &) /@
Select[Partition[hist, 3, 1],
MatchQ[#1[[3]], {___, ActiveState[_], 0, ___}] &&
IMatchQ[#1, {{___, ActiveState[B], __ },{__,
ActiveState[A], _},{__, ActiveState[A], __ }}] &]

CellOrStateToString[i_Integer] := ToString[i]
CellOrStateToString[ActiveState[s_]] := ToString([s]

System0To3CompressZ[s_, hist_] := (StringJoin[CellOrStateToString /@ #1] &) /@
SelectRelevantZeros(s, hist]

System0To3CompressPHelper[{before___, a_?Positive, morebefore___,
ActiveState[s_], ___}] := {{Length[{before, a, morebefore}], s}}

System0To3CompressPHelper[{before___,
ActiveState[s_], ___}] :={"\n", {Length[{before}], s}} /;
MatchQ{{before}, {(0) ...}]

System0To3CompressP[s_, hist_] :=
Flatten[System0To3CompressPHelper /@ SelectRelevantZeros([s, hist], 1]

System0To3CompressC[pcompressed_] :=
ConcatBits[(If[Length[#1] == 3, 1, 0] &) /@ Split[pcompressed, #2 =!="\n" &]]



Epilogue

How | constructed this proof

Upon seeing the problem, the first step was to figure out what the Turing machine was actually doing.
Checking the typical behaviour of the Turing machine led me to come up with system 2 as describing its
behaviour more clearly than the system 0 description; I worked with system 2 as the base Turing-
machine-like system throughout most of the construction of the proof. (I discovered system 3 later when I
started writing the proof up rigorously; it makes the proof considerably simpler than trying to prove things
directly from system 2 because the tape is not modified when 'going left', as it were. I thought of system 1
just before writing up the proof rigorously, as an intermediate step to showing the equivalence of systems
0 and 2.) I then explored possible assumptions that would make the proof possible if true. The first
assumption was that a string of 1s and 2s could be constructed to simulate any finite state machine whose
input was the state in which it was encountered and whose output was its parity; this assumption makes
the proof almost trivial, but as lemma 1 shows is not true. The second assumption I explored was what is
given above as Corollary 1; this did turn out to be true, and suggested trying to prove the emulation for an
arbitrary rather than infinite number of steps. Around this time, I had a vague idea of what system 4 was
like floating around my head, but nothing formal in this regard. Something similar to system 5 (although
the exact details changed) is what I decided would be 'the system to aim for', after thinking about how to
exploit the behaviour of a 0 in system 2 to do what in the terminology I use above I'd describe as merging
system 4 sets into the leftmost conglomeration at the right time; I quickly decided that system 5 was
universal, and in fact conjecture 5 was the first part of the above I proved, which spurred on my attempts
to prove or disprove Corollary 1.

After that, it was a case of trying to link the parts of the proof together. I developed a not-quite-rigorous
proof of Lemma 1 (and therefore its corollary), then expressed in terms of system 2, and made an attempt
at emulating system 5 directly with system 2, but this last step was too complicated to do all in one go. (I
had a system 5 to system 0 compiler at that point, some of which was constructed by tinkering with the
values until they worked, so I was pretty sure the emulation was possible; I just had to prove my program
worked. I didn't have any explicit cyclic tag to system 5 compiler until after I'd written the proof, though,
just thought experiments.) At that point, I started writing up this document, discovering systems 1 and 3,
and started running experiments and thinking of proofs to work out the exact details of system 4. After the
proof had been written (although I made a few corrections and tweaks to it later), I worked out the
programs in this document to be more-or-less direct translations of the constructions and definitions given
in the proof itself, both to find errors in the proof and to give demonstrations of its ideas. I used the
programs and proofs as examples to test each other (so it's possible that bugs remain in the programs, but I
suspect if there are bugs they'll turn out not to happen in the cases that can come from constructions in the

proof).



